No Jumps Proof 



Max Bender 

Connecticut College 

August 20, 2015 



Theorem 1. Given any instance of the k server problem on the line where R = (A, ..., r n ) 
denotes the sequence of requests and S denotes the set of servers, there exists an optimal 
min- weight matching function / : R — >• S that satisfies f(r n ) G Nf(r n ), where Nf(r n ) denotes 
the neighboring unmatched servers of r n on the line. 

Formally, by letting S n = S \ {/(ri), ..., /(r„_i)}, L n = max{s|s G S n , s < r n }, and 
R n = min{s|s G S n ,s> r n }, then N f (r n ) = {L n ,R n }. 

Proof. In this proof, we will only consider the cases where the algorithm will try to matching 
r n to R n . Obviously, we can’t always do this to achieve an optimal matching, but we 
show that the cases where we couldn’t we will match to L n instead and achieve an optimal 
matching. For the sake of contradiction, we will suppose there does not exist such a matching. 
Let / denote any optimal matching that satisfies the above property up to some point. That 
is, /(A) G Nf{rf) for all i up to some n < k, but f(r n ) f Nf(r n ). We will use the following 
notation for the rest of the proof: 

r = r n , s = f (r n ), s' = R n , r' = / _1 (s'). 

We will also let / denote the matching that sends r to s' and r' to s and firf) = f{rf) for 
all other requests Vj. 

This gives us the following 8 possible cases (note that the images are not necessarily 
drawn to scale, they are just to display ordering): 

Case 1 

r s' s r' 

— * * o o * * o o * * — 

Case 2 

r s' r' s 

1 1 O O 1 1 O O 1 1 — 

Case 3 

r r' s' s 

— * * o o * * o o * * — 
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Case 4 

r > r s ' s 

1 ' o O ' ' O O ' ' — 

Case 5 

r > s r s ' 

— * * o o * * o o * * — 

Case 6 

s r' r s' 

— * * o o * * o o * * — 

Case 7 

s r s' r' 

' ' O O 1 1 O O ' ' — 

Case 8 

s r r' s' 

— * * o o * * o o * * — 

First, we explain why these are the only 8 cases. To see this, note that we must have 
that r < s', but cannot have that r < s < s', since both s and s' must be available at the 
time of arrival for the nth request but s' is defined to be the closest right server. Thus, we 
have 3 possible cases where r = min{r, s, s', r'}, 2 cases where r' = min{r, s, s', r'}, and 3 
cases where s = min{r, s, s', r'} ( s' can’t ever be the leftmost due to the restriction r < s'). 

In the first two cases, case 5, and case 6, it is easy to see that the cost of / will actually 
be less than the cost of /, since | r — f(r) \ > \r — f(r)\ and | r’ — f(r')\ > \ r' — f(r') |. In 
cases 3 and 4, the cost of / will be equal to the cost of /. Finally, in cases 7 and 8, we see 
that the cost of / will actually be bigger than the cost of /. But this is not a problem - 
first, if s = L n (if s is r’s closest left available server), then we have a contradiction because 
we originally supposed that r was not matched with either of its left or right neighboring 
servers. Thus, letting sl denote L n , we must have the following order: 

Case 8 

s s l r 

— * * * o o o * * * * — 

But now, we can see that the mirror of either case 1, 2, or 4 must apply, and thus we 
know that constructing a new matching f such that f(r) = Sl and / / ^ 1 (s) = / /_1 (sl) 
(where all other requests correspond to /) will satisfy that the total cost of f will be less 
than or equal to the total cost of /. 

In all of these cases, we have constructed a new matching whose total cost is less than or 
equal to / where r is matched to one of its closest available neighbors. This is a contradiction 
with respect to the construction of / and completes the proof. 

□ 



2 




